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Bell J.S., On the Einstein Podolsky Rosen paradox
(mepeBona ¢ anra. - I1.B.IlyTeHnXuH; KOMMEHTAPHH K BHIBOJIAM H
OPUTHHAJBLHBIH TEKCT CTATHH)

(Momyuena 15 suBaps 2008; onyonukosana 15 anpens 2008)

IlepeBon 3namenutoit crathu J[.C.Bennma o6 OIIP-mapagokce, a Takke KOMMEHTapHH K
BbIBoaM bemna m opurmHan cratbu. CraThs bemna sBuiace yOeAWTENbHBIM MaTeMaTHKO-
JIOTUYECKUM OIPOBEPKEHUEM JOBOJIOB ODWHINTEWHA O HEMOJIHOTE KBAHTOBOW MEXAaHHMKU U
cOpPMYTUPOBAHHBIX WM TIOJOKEHHIA TaK HAa3bIBAEMOr'0 «IOKaJlbHOro peanu3ma». Co 1HS
onyonukoBaHus cratht B 1964 rony u no Hamumx JHEH oBoabl bemia, Oojee M3BECTHBIC B
¢dopme «HepaBeHCTB bemna», ciaykaT caMbIM paclpOCTpaHEHHBIM U TJIABHBIM apryMEHTOM B
CIIOpE MEX]y MNPEIACTABICHUSIMU O HEJIOKAIBHOCTH KBAHTOBOM MEXAHUKHU M LEJIBIM KIaCCOM
TEOPUM HA OCHOBE «CKPBITHIX MEPEMEHHBIX» WIH «IONOJHUTEIBHBIX IAPAMETPOB».

B npenmaraemoii paboTe mpuBOAUTCS MEPEBOJ CTaThi bemia 1 KOMMEHTapHU K €ro BBIBOAAM.
Taxke npuBeneHa caMa CTaTbs B OPUTMHAIBHOM BapUaHTE. BhICKa3aHbl MIPEAIIOIOKEHUS, YTO
BO3paxxeHus beuia sBIsSI0TCS KOMIPOMUCCOM MEXAY CHELHUAIIBHON TEOPUEH OTHOCUTEIBbHOCTH
U OKCIEPUMEHTaJbHO HAONIOJacMBbIM SIBICHUEM 3allyTaHHOCTH, WMEIOUIMM BCE BUANMBIC
MPU3HAaKW MTHOBEHHOH 3aBHCHMOCTH JABYX OTAEIEHHBIX JApPYyr OT JApyra CHCTEM. OTOT
KOMIIDOMHCC H3BECTEH B HallM [JHH KaK HEJIOKaIbHOCTh WM HecenapaOelnbHOCTb.
HenokanbHOCTh (DakTHYECKH OTpUIIAET MOJOKEHUS TPAAUIMOHHONW TEOPHUHM BEPOSTHOCTH Ha
3aBHCHUMBIC M HE3aBHUCHMBIE COOBITHS M OOOCHOBBIBAaET HOBBIE TOJOXKEHUS — KBaHTOBYIO
BEPOSITHOCTh, KBAHTOBBIC MPABHJIA BBIYUCIICHUS BEPOSITHOCTH COOBITHH (CIIOXKEHUE aMILTUTYT
BeposiTHOCTe#). [10100HBI KOMIPOMKCC CITY>KUT TIOYBOW Ul BOSHUKHOBEHHS MUCTUYECKHX
B3IUIAJI0B Ha IIPUPOLY.

Yacts 1. IlepeBoa craTbn
Coxpaneno (popmaTupoBaHHe OPUTHHAIILHOTO TEKCTa
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MMAPAJIOKC SUHIITEMHA nmoaO0JIbCKOI'O PO3EHA *

JI.C. BEJJIY
@®akynprer Ou3uku, YHUBEpcuteT Buckoncuna, Marncon, Buckoncun
(Monyuena 4 Hosiops 1964)

|. IIpencraBienue
[Mapanokc Ditnmrelina, [Tonombckoro n Po3ena [1] ObUT BBIABHHYT KaK apryMEHT TOTO, YTO KBAHTOBAsI
MeXaHHKa — TEOpHs He MOJIHAS M B HEe JIOJDKHBI OBITh BKIIIOUEHBI JIOTIOJIHUTENFHBIC TIEPEMEHHBIC. DTH
JOTIOJTHUTEIIbHBIC MEPEMEHHBIE JOJDKHBI ObUIH BEPHYTh B TCOPHIO MPUYMHHOCTH M JIOKAIBHOCTH [2].
Otmerum, 4Yto wuzpes Oyner cdopMylmHpoBaHa MaTeMaTWdecku M OyAeT IO0Ka3aHo, YTO OHa
HECOBMECTHMA CO CTAaTHUCTUYECKHUMH IpEACKa3aHUSIMU KBAHTOBOW MEXaHUKU. [J1aBHYIO TpyIHOCTh
co3/aeT TpeOOBaHUE JIOKATBHOCTH, O3HAYAIOIIee, YTO PEe3yabTaT M3MEpEHUs Ha OJHOM CHUCTeMe He
MOXET 3aBUCETh OT JICHCTBUN HA OTAAIECHHOM CUCTEME, C KOTOPOM OHA B3aMMOJEHCTBOBAJIA B IIPOIIIIOM.
[Mpennpuaumanuch monbITKU [3] mokaszaTh, 4To Aaxke Oe3 Takoil cenapaOeabHOCTH WIH TPeOOBaHHS
JIOKaJIbHOCTH HEBO3MOKHbl HHUKAaKM€ MHTEpPHPETAlMd KBAaHTOBOM MEXaHUKH CO <«CKPBITBIMU
NePEeMEHHBIMI. DTH TOMBITKU OBLIM OTKMCAHbI, HAIPUMEP, B [4] U pu KeJTaHuH MOKHO HAWTH JIpyTHE.
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Kpome Toro, B [5] Obula SBHO MOCTpOCHa HMHTEPIPETAIMs DJICMEHTAPHOW KBAHTOBOW TEOPUHU CO
CKpPBITOH TepeMEeHHON. DTa cnennduieckas HHTEPIpPeTalus B JeHCTBUTEIILHOCTH UMEET YPE3BbIUAITHO
HEJIOKAJbHYIO CTPYKTYpy. COrylacHO pe3ynbTary, KOTOpBI OyJaeT JOKa3aH 3J1eCh, 3TO XapaKTEpHO IS
0001 Takoi TeOpUH, KOTOpast TOUHO BOCTIPOM3BOIUT KBAHTOBO-MEXaHUYECKUE TIPEACKA3aHMU.

II. ®opmyanpoBka
B npumepe, npuseneaHoM bomMoM u AaporoBbiM [6], DITP-apryMeHT COCTOUT B CIIEIYIOIIEM.
PaccmoTpuM mapy 4acTWIl € TONYIENbIM CIUHOM, C(HOPMHUPOBAHHBIX B CHHIJIETHOM COCTOSHHU W
JBIDKYIIUXCS CBOOOJHO B TPOTHBOIIOJIOKHBIX HAaINpaBlieHUsX. M3MepeHuss Moryr OBITh CHIEMAHEL,

Halpumep, ¢ IMOMOIIBIO MaFHI/ITOB H_ITepHa Fepnaxa Ha BBHIOPAHHBIX KOMIIOHEHTaX CITHHA S 1 U S 5.
Ecan u3MepeHne KOMIIOHEHTBI S 1 Xa, rae a - HEKOTOPBI €IMHUYHBIA BEKTOp, JaeT 3HaueHue +1,

I 1
TOTJIa, COTJIACHO KBAaHTOBOW MEXaHHMKe, M3MepeHne S , *d OoJDKHO JaTh 3Ha4deHue -1 u HaoOoporT.

Teneps ™Mbl BbIBHTAaEeM THUNOTE3Y [2], ¥ 3TO sBIsSeTCs, MO KpaifHell Mepe 3aciyKHBAIOIIAM
pPacCMOTpPEHUS, YTO, €CIM 3TH JBA MU3MEPEHMS CHelaHbl B OTHAJICHHBIX IpPYyr OT Apyra MecTax, TO
OpHMEHTALMs OJTHOTO MarHUTa HE BIUSET HAa PE3yJbTaT, MOJYYEHHBIM HAa APYrOM MarHure. Tak Kak Mbl

1
MOXEM 3apaHee IpelcKa3aTh pe3yibTaT W3MEpeHHs JI00OH BBIOpaHHON KOMIIOHEHTHI S ,,

MIPEIBAPUTENILHO U3MEPUB TY )K€ CAMYI0 KOMIIOHEHTY Sll, U3 3TOTO CIENyeT, YTO Pe3ysbTaT JH000ro
TAKOTO HM3MCPCHHA OOJDKCH OBITE q)aKTI/I‘-IGCKI/I npeaomnpeacicH. Tak kak nucxoaHass KBAaHTOBO-
MeXaHU4ecKasi BOJIHOBas (YHKIMS He onpedeisem Pe3yabTaTa WHIUBHIYaJIbHOTO W3MEpPEHHs, 3Ta
IpefoNpeIeNIEHHOCTD OAPa3yMEBaeT BO3ZMOXKHOCTh OO0JIBIIOr0 HA0Opa COCTOSHUIA.

JlaBaiite 9TOT GONBMION HAGOpP COCTOSHHH ONpPENCTHM IOCPEICTBOM IapamMerpoB |

CoBepmeHHO 6e3pa3nnyHo, 0603HauaeT |  eIMHCTBEHHYIO MepeMeHHYI0 MM HX HA0Op, HIM Jake
Ha60p (1)YHKIII/II/I " ABJIAIOTCA NCPEMCHHBIC NUCKPCTHBIMH HJIM HCIIPCPBIBHBIMU. OZ[HaKO MI)I IMpUMEM,

aro | - s10 emmuCTBEHHDII HenpepLIBHLIH napametp. Torga pedyapTar A I/I3MepeHI/I$I S ><a 3aBUCUT

1 r
or @ u | ,apesynprar B usmepenns S , >b B TOM K€ CaMOM CJIy4ae 3aBHCUT OT b u

*Pa60Ta MoJI/IepKaHa 9acTUIHO AMepukaHckoi KoMuccuei mo sijiepHoii SHEpriuu
B ormycke ot SLAC u CERN

195
196 I[ C.bemn Tom 1, Ne3
AR, )=+1 B, )=+1, (1)

1
I'maBHOE B mpemnosioxkeHuu [2] - 310 To, 4TO pe3yabTar B s gacTuiel 2 He 3aBUCUT OT YCTAHOBKHM A
1

Mar"uTa st yacTuibl 1, kak 1 A ot b.

Ecmm P(l) - pacripenieieHie BEpOSTHOCTH | , Torga OKuJaeMble 3HAYEHHST COBMECTHOTO
1 r
HaOJIOIEHUS 3TUX ABYX KOMIIOHEHT S 1 XA u S, XD pasnb
e r :
P(a,b) = cdl p(l )A(a,l )B(b,1 ) )

Ono AOJDKHO PaBHATHCA KBAHTOBO-MCEXAHHYCCKOMY 3HAYCHUIO OXKUAAHUWA, KOTOPOC MJIA CHHIJICTHOI'O

COCTOSIHMS PABHO
r.rr r.
<s xas, b >=-ax. 3)

Opnako OyJeT moka3aHo, 94TO 3TO HEBO3MOXKHO.
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KTo-T0 MOXeT npennouects GOpMyYIUPOBKY, B KOTOPOH CKPBIThIE TIEPEMEHHBIE pa30UTHI HA /IBa
Habopa — OJMH 3aBUCUT OT A, Apyroi - ot B; 3Ta BO3MOXHOCTH COAEPKUTCS B BBIIMICYITOMSHYTOM
cilyyae, Tak Kak | comep:kar J1r000€ YMCIIo EPEMEHHBIX, BCIEICTBUE Yero UX 3aBUCHMOCTH OT A u B
HEOrpaHWYEHHBL. B monHON (m3nyeckoil TeopuH THIA MPETyCMOTPEHHON ODWHIITEHHOM CKPBITHIC
nepeMeHHbIe MOTJIM Obl UMETh JWHAMUYECKHE 3HAUYEHUS U 3aKOHBI JIBW)KEHUs, Haml Habop | B sToMm
cllyda€ MOJKHO IIPEJCTaBUTh KaK HA4daJbHbIC 3HAYEHUs OTUX [IEPEMEHHBIX B HEKOTOPBIH
COOTBETCTBYIOLIMI MOMEHT.

1. HimrocTpanus
JloKa3aTenbCTBO OCHOBHOTO pe3yiabTaTa 4Ype3BblYaliHO mpocTo. OpHako, Mpekae YeM
MNpEACTAaBUTH €r0, paCCMOTPUM IICPCIICKTUBY B BUAC HCCKOJIBKUX HJIJIIOCTp&IlHﬁ.
BO-HepBI)IX, HC TpyAHO IHIPHUHATH, YTO HOpPpU HU3MCPCHHUU CIIMHA OTHGHBHOﬁ JaCTulpl, OH
CUUTBIBACTCA M3 CKpBITOfI HepeMeHHOﬁ. HPGZ[HOJIO)KI/IM, 9TO Mbl UMCECM CIIMH HOJIOBI/I{—Ia JaCTUllbl B

YHUCTOM CITMHOBOM COCTOSIHUH C TIOJIIpHU3aliiel, 0003HAYCHHOW eIMHUYHBIM BeKTOpoM [ . Bo3bMéMm B
1
KaueCTBE CKPBITOW mepeMeHHOH (s HpI/IMelf:a) CAVHUYHBIA  BEKTOP | C OJHOPOIHBIM
pacmpesieneHHeM BEpOsATHOCTH Ha moiycepe | xp>0. 3agamum, uro pe3yapTaT HU3MEpEeHUus
KOMIIOHEHTBI SI >6I't
sugnl ><a¢ (4)
rae a - €AVMHUYHBIA BEKTOD, 3aBUCSIINN OT a " p Kak omnucaHo, u GpyHkims Sign, papaas +1 wim -1

B 3aBHCUMOCTM OT 3HA4YeHUs €€ aprymeHta. POaKkTUYECKH OTO MNPHUBOAUT K HEONPEACICHHOMY
pe3yabpTary, Korjaa | »a(=0, no, MOCKOJIbKY BEpOSITHOCTh 3TOTO - HOJIb, MBI HE OyaeM Jenarh
1

CIICOHUAJIBHBIX YKa3aHHfI Ha 310. B CpCAHEM 110 I O0XKNJaCMO€ 3BHAYCHHUEC COCTABJISACT
2q(
<s s>=1- 2 (5)

1 1 1 1 1
Ine q¢ - yron mexay Al u P . Ipeanonoxkum Teneps, uto Al momydeno u3 & BpamenueM k P 1o

2q(
- — =C0Yg 6

1 1
rae g - yron mexay @ u P . Torma Mbl uMeeM KelaTeIbHbIA Pe3yabTaT

1 1
<S a>=C0y], (7
Hrak, B 5TOM IIPOCTOM CIIy4ae HE COCTABIIAECT TPYAA IPEICTABUTh, YTO PE3YNbTAT KAXKAOI0 U3MEPEHHS
OIIpe/IeTIeH 3HAaYEHUEM JIOTIOJTHUTEJIFHON NEPEeMEHHOM, M YTO CTaTUCTUYECKUE OCOOCHHOCTH KBAaHTOBOM
MEXaHUKU COONIONAIOTCS,, MOCKOJIBKY 3HAUCHHWE STOW IEPEeMEHHOW B WHAMBUAYAIBHBIX CIIydasix
HEU3BECTHO.

Tom 1, Ne3 ITAPAJIOKC DHMHINTEMHA ITOJI0JIbCKOI'O PO3EHA 197

Bo-BTOpBIX, HET HUKAKOW TPYAHOCTH B Bocmpou3BeneHun B (opme (2) eIMHCTBEHHOM
ocobeHHOCTH (3), Kak 3TO 0OBIYHO JIENIACTCSl B YCTHBIX OOCYKICHHUSX 3TOM MPOOIEMBI:

P(é’ é) =- P(é,' é) =-1 u
r r -
P(Grl,b) =0 mpu 2% = Oi; (8)

Hanpumep, mycts Temeph | - 370 enmmmumbii Bextop | ¢ omHOpOMHBIM pacmpeneneHHEM
BEPOSITHOCTH 110 BCEM HAIPABJICHUAM, U IPUMEM
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A(art,ll)=sign(5r>4l) i
)

. 9
B(a,b) =-sign(bH )
OT0 naet
rr 2
P(a,b) =- 1+ECI , (10)
riae g - yron mexny a u b, u (10) umeer coiictsa (8). [lyist cpaBHEHUs], pACCMOTPUM PE3yJbTaT
MOTU(HKAIIIHE TEOPUH [6], B KOTOPOI YHCTOE CHHTIICTHOE COCTOSTHHE 3aMEHIETCS CO BpEMEHEM
H30TPOITHOM CMECHIO COCTOSIHHI, 9TO JaeT (DYHKI[UIO KOPPEISAIMN
ir f
- ZaX (12)

Buaumo, skcnepuMeHTansHO HaMHOTO mipoirie Haiitu otiauuune (11) ot (3), uem (10) ot (3).
B otmmuwme ot (3), pynkius (10) He mocTosiHHa B Touke MuHuMyma —1 (B q = 0).
[Toxoxe, 4To 3TO XapakTepHO s GpyHKIHUi Tuna (2).

B-TpeTbux, ¥ B 3aKIIOYCHUE, HET HUKAKUX prz[HOCTeﬁ B BOCIPOMU3BE/ICHHH KBAHTOBO
! 1
MexaHu4eckoi koppensun (3), €CITH TIO3BOJIUTE Pe3yIbTaTam A u B B (2) 3aBucers or D u @ wu,
1 1
COOTBETCTBEHHO, TaKke OT A u b Hanpuwmep, 3ameHum a s (9) Ha a( MOJIydeHHBIH n3 a
1

BpaleHUEM K b

1- Eq¢: cosq
P

1
1
rae ¢ - yron mexay al u b . Onnaxo, s nanubIx 3HAYEHMI CKPBITBIX TIEPEMEHHBIX, PE3YJIbTATHI
M3MEpEHUH OJTHUM MarHUTOM TEIEePh 3aBUCAT OT YCTAHOBOK OTAAJICHHOTO MarHUTa, 9YTO B TOYHOCTH
TEM, YEro Mbl XOTeJIA OBl U30€XKaTh.

V. IIporuBopeune
Tenepp noKaxkeM TJaBHBIM pe3ynbTaT. [IOCKONBKY P - HOPMAJIW30BAHHOE PACIPEICICHUE
BEPOSITHOCTH,

¢dip() =1, (12)
u coryacHo cBocTBY (1), P B (2) He MoxeT ObITh MeHbIIe YeM -1. OHa MOXeT OBITh TOUHO paBHa -1 pu

a=b, rompko eciu

r 1
A@,1)=-Bb,l) (13)
UCKITIOYasi U3 Habopa TOUKU | c HyneBon BepOSITHOCTI)IO C NpU3HAHKE TOTO0, (2) MOKHO Tepenucarh
P@,b) =- ¢dl p(l AR )A®B,1 ). (14)
198 J.C.bemn Tom 1, Ne3

1
N3 storo cnemayer, 4TO JUIsi HEKOTOPOTO €AMHUYHOTO BekTopa C
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P(@,b)- P(8,¢)=- ¢y p(l )[AG I )AD,1 )- A@I)AC,)]
r r
= ¢l p(l )A@,1 )AD, 1 IAD.1 AL )- 1]

ucnonb3ys (1), momyaum
r rry .« ' r
P@a.b)- P(@,C) £ 5l p - AG.1)AC))
Ly
Bropoe BeIpaxkenue crpaa - 310 P(D,C) , otkyna
I r r rr

1+P(b,C)? ‘P(a b)- P(a, c)‘ (15)

Ecimu P ne ABIIACTCH KOHCTaHTOI/I TO Mpapas CTOPOHA UMEET B o0mieM ciy4ae MmopsiioK |b C | mns

MaJIbIX 3HAYECHUU |b C | Takum obGpazom, P(a b) HE MOXET OBbITh TMOCTOSIHHBIM B MUHHMYMe (-1 B
1

touke D - C) 1 He MOXeT paBHATHCA KBAHTOBO-MEXAHHUECKOMY 3HAUEHHIO (3).

KBanToBO MexaHuueckass koppemsuuss (3) He MOXKET OBITh POHM3BOJILHO  OJIU3KO
anmpokcumupoBaHa Qopmoii (2). dopmanbHOE JOKa3aTeNbCTBO HSTOTO MOXKET OBITh H3JI0KEHO
crenyromuM o0pa3oM. UToObl He OECIIOKOUTHCS O HEBO3MOKHOCTH MPUOIMKEHUS B M30JUPOBAHHBIX
TouKax, paccMotpuM BMecTo (2) u (3) pyHKIMHN

5(5,6) u - axp

1 r. r 1
I'zie 6pyckn (HaguépkuBanms) o3HauaroT Hesasucumbie yepenuenns P(2¢bQ u - a®oCmo sexropam
1
1 1 ! 1 !
al u bC s npenenax yxasannsix manenskux yrnos @ u b . Ipeanonosxum, uro wis Beex @ u b
pasauuMe MeX Iy HUMHU OrPaHHYEHO BEIMYHHOMN € .

_r! r !
‘P(a,b)+a><b‘£e (16)
Hmxe Oyner mokaszaHo, 4T0 € He MOKET OBITh CeIaH MPOU3BOJIBHO MATCHBKUM.
[MpeamnonoxuM, uto st Bcex au b

‘575- artxl;‘Ed (17)

Torna u3 (16)

P@b)+a|ge+d (18)
U3 (2) o r

P(&,b) = ¢dl p(l )AG, B! ) (19)
rae :

A@I)|EL B.)|£1 (20)

r 1

w3 (18) u (19), mpu & =D,

dl p(1 )[AG,1 )B(b,1 )+ £e +d (21)

W3 (19)

P(&,b)- P(&,C) =yl p( )[A(aI)B(bI) A(aI)B(cI)]
=l p()AG,| VB, )1+ A, 1B )]
= ¢d p(l )A@,1)B(C,1 )1+ A(.1)BE )]
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Tom 1, Ne3 [IAPAJIOKC PMHIITEUHA I[TOJOJIbCKOI'O PO3EHA 199

Hcnonssyem (20), Toraa | |
P@&b)- PO p( L+ Ab,1)B(C)
- 51 o)L+ AG,1 B

Teneps ucnons3yem (19) u (21)
P@Db)- PE0) £1+P(.6) e +d
Haxower, ucrosszyem (18)
B~ db]- 2 +d) £1- bt - 2e+d)

HIJIN

1 1
4e+d)3 |axc- axh|+bC- 1 (22)

rr r+ or
Jlnst npumepa mpumeM, uto a>C =0, a>b=b>xc = ]/\/E . Torma
Ae+d)3 yJ2-1
KaK BU UM, JJIA JIIO6OFO MaJIOTO KOHCYHOI' O d, e HC MOXCT 6I)ITI) HpOI/I3BOHBHO MaJIbIM.

Takum 00pa3oM, 3HaUCHHE KBAHTOBO MEXAHUYECKOTO OXKHMIAHHS HE MOXET OBITh MPEICTABICHO
HY TOYHO, HU MTPOM3BOJIBHO OJIM3KO B hopme (2).

V. O0o01menue
[IpuBeneHHBIN BbINIE MPUMEP HMEET TO MPEHMYIIECTBO, YTO OH HE TpedyeT OO0JIBIIOro
BOOOpaXeHHUs, YTOOBI MPEAYCMOTPETh M3MEPEHUs, UCIOJB3ys ONUCAHHBIE pacCcykIeHus. B oOmem
ciydae, puHUMast [7], 4to 000l 3PMHUTOB OMEpPaTop C MOJHBIM HAOOPOM COOCTBEHHBIX COCTOSIHUMN
SIBJISICTCS «HAOIIF0TaeMOI», pe3ylbTaT JIETKO MOXET ObITh pacIiupeH Ha Apyrue cucreMbl. Ecnm aBe
CHCTEMBI HMMEIOT pPa3MEpPHOCTH TPOCTpPAaHCTBA Oousble 2, MBI Bcernaa MO)KGM paCCManHBaTL

JBYXMEPHBIE MOANPOCTPAHCTBA U ONPEACIIUTh B UX IEPECEUECHUH OIEPaTOpPHI S 1 U S 5>, (opManbHO

AQHAJIOTUYHBIE HMCIOJIb30BAHHBIM BBIIIE, U KOTOPHIE MMEIOT HYJIEBBIE COCTOSHUS BHE COBOKYIHOCTH
MOJNpOCTpaHcTB. Torga, mo KpaWHeW Mepe, g OJHOrO0 KBAHTOBO-MEXaHWYECKOTO COCTOSHUS
CHHTJIETHOE» COCTOSIHHE B OOBEIUMHEHHBIX TOJMPOCTPAHCTBAX W CTATUCTUYECKHE TIPEICKA3AHUS
KBAaHTOBOM MEXaHUKH HECOBMECTHUMBI C MPEJICTABICHUEM O PA3/ICIEHHOCTH.

VI. 3akarouenne

B kBaHTOBOIl Teopww C JOTIOJHUTEIHHBIMH MApaMeTpaMH Ui TOTO, YTOOBI OIMPEACITUTH
pe3yNbTaThl MHIUBUYaTbHBIX H3MEPEHH 0e3 TOT0, 9TOOBI H3MEHUTh CTATHCTUYECKHE MpeACcKa3aHus,
JOJKeH OBITh MEXaHU3M, TIOCPEICTBOM KOTOPOTO HACTPOMKA OJTHOTO U3MEPSIOIIETO YCTPOMCTBA MOXKET
BJIMSITh HA YTEHUE JPYroro OTAAICHHOTO MHCTpyMeHTa. KpoMe Toro, 3a1eiiCTBOBaHHbIN CUTHAIT IOJHKEH
pPacTpOCTPaHATHCS MTHOBEHHO TaK, YTO TaKasi TEOPHUS HE MOXKET OBITh JIOPSHII-MHBAPHUAHTOM.

Koneuno, curyammst Oyner WHOWM, €CIM KBAHTOBBIE MEXAaHUYECKHE MPEICKA3aHHUS HMEIOT
OTPAaHHYEHHYIO JIOCTOBEPHOCTh. OUYEBUIHO OHU MOTYT OBITH MPUMEHEHBI TOJHKO K OKCIIEPHUMEHTaM, B
KOTOPBIX YCTAHOBKM WHCTPYMEHTOB CJENIaHbI 3apaHee, 4TOObI TMO3BOJIUTH MM JIOCTHYb HEKOTOPOM
B3aMMHOM CBSI3M JIJI1 0OMEHA CHUTHAJIAMH CO CKOPOCTBEO MEHBIIICH WM paBHOUM CKOPOCTH cBeTa. B 3Toit
CBSI3M KPUTHYHBIMH SIBJISSFOTCS DKCIIEPUMEHTBHI THIA TMPeUIoxKeHHOro bomMom u AapoHoBbiM [6], B
KOTOPOM HACTPOWKHU U3MEHSIOTCS B TEYEHUE MOJIETAa YACTHII.
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Bripaxaro 6marogapHocts goktopy M. Bander u JK.Preeing 3a ouceHb moJie3HbIe 00CYKICHHS
sToil mpoOiembl. [lepBblii BapuaHT cTaThbU OBLI HAamMCaH BO BpeMs NpeObIBaHUS B YHHUBEPCUTETE
Brandeis; s 00s13aH koJyuleraM B HeM U B YHUBepcUTeTe BIHCKOHCHHA 32 X HHTEPEC U TOCTEIPHUMCTBO.
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Yactp 2. KomMeHTapuM K BbIBOJAM

O6paTtuMcs K clieayrolneMy BeiBoay besa:

«B K8aHMOB0U meopuu ¢ OONOIHUMENIbHBIMU NAPAMempamu Ois mo2o, 4mobbl Onpeoenums
pesyibmamsl  UHOUBUOYALbHBIX — USMEPEeHUutl Oe3  mo20, 4mobbl USMEHUMb  CIAMUCMUYecKue
npeockazanusl, O0NHCeH OblMb MEXAHU3M, NOCPEOCMEOM KOMOPO20 HACMPOUKA 0OHO20 USMEPAIOULe20
YCMpPOUCMEa MOXcem 6Iusmb HA uYmeHue O0py2020 OmoaieHHo20 uncmpymenma. Kpome moeo,
3A0€UCMBOBAHNbIN CUSHAL OOJINCEH PACHPOCIPAHAMbCA MSHOBCHHO MAK, YMO MAKdas Meopusi He
Modcem bblmb K0peHy-uHsapuanmom [2].

Wtak, muis TOro 4To0bl «IIOJHAs» KBAHTOBAS TEOPHS JleNiaa TaKhe e CTaTHCTUYECKUE TpeCKa3aHus,
KaK U TpaJUIMOHHAs, HEOOXOJUM MEXaHW3M B3aUMOJICHCTBUS MEXIy u3MeputTensmu. K Takomy
BBIBOJTy berun mpuién, nociaenoBaTebHO U HEYKJIOHHO CIEeAys UCXOJAHOMY IMOJIOKEHHUIO DUHIITEHHA:
MIPEJICKA3aHMSI <ITOJTHOW» KBAHTOBOW MEXaHWKH JIOJDKHBI OBITh CTATHCTHYECKUMHU, BEPOSTHOCTHBIMHU.
3/1ech MOJ «IOJHOW» KBAaHTOBOW MEXaHHMKOH IMoJpa3yMeBaeTcs TEOpHs, OTBEYAIOIIas BbICKa3bIBAaHHUIO
OlHITeHA: «Xoms Mbl U NOKA3ANU, YMO B0IHOBAS YYHKYUS He 0Aém NOTHO20 ONUCAHUS PU3UYEeCcKOU
PpeanbHoCmu, Mbl OCMAGULU OMKPLIMbIM 0NPOC O MOM, Cyujecmeayem au makoe onucanue uiu Hem. Mol
oymaem, OOHAKO, uMO maxas meopus 603Moxcha» [7], Wi Teopus, BKJIOUaromas B cels
«JIOTIOJIHUTEIIbHBIE TapaMeTPhI».

B 3701 cBSI3M HamOMHMM BbICKa3biBaHUE AJieHa AcIekTa: «DUHIITEHH HAa CaMOM Jelie He TOBOPHII O
«CKPBITBIX MTEPEMEHHBIX» WM «TOTIOJHUTEIBHBIX MMapaMeTpax», a ckopee 00 «aneMeHTax (PU3nyeckoi
peasibHOCTH». COOTBETCTBEHHO, MHOTHE aBTOPBI TOBOPSIT CKOPEE O «PEATMCTUUYECKUX TEOPUAX», a HE O
KTEOPHSIX CO CKPBITHIMHU MEPEMEHHBIMU» UITH KTEOPHSX JOTIOTHUTEIBHBIX MIEPEMEHHBIX». [1]
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Ilonydennesle bemuioM BBIBOABI OTBEPrarOT BO3MOYKHOCTH IIOJIYYEHMsSI TaKUX BEpPOSTHOCTHBIX
pe3ylbTaTOB MNpPU HAIMYMKA OJHUX TOJIBKO <«JIOINOJIHUTENBHBIX IlepeMeHHbIX». [loaromy nemaercs
MPUBEIEHHBIN BBIIIE BBIHYXJICHHBIA BBIBOJ] O CBSI3M MEXIY U3MEPHUTEIIMH. YTO 3TO 03Ha4yaeT?

[TpenmonoxuM, 4TO MOTydyeH HEKHH pe3yiabTaT U3MepeHus Ha OmmwkHel cucteme. Ecimu Obl 0H
ObUI CITydaifHBIM, BEPOSTHOCTHBIM, HE CBS3aHHBIM C JICHCTBHUSIMH HaJ YIQICHHON CHCTEMOH, TO 3TO ObLI
Ob1 pe3ynbrar A. Ho Ha camoM Jiene mosrydeH pe3yibTar Ipyroit — B. A uMeHHO, pe3yibTar, KOTOPBIH
HE MOXET pacCMaTpUBAaThCS Kak CIy4daiHbI! DTOT pe3ynbraT OTpakaeT Kak Obl 3aBHCHMOCTH OT
M3MEPEHUS HAa YJAJICHHOW CHUCTEME, OH C 3THM PE3YJIbTaTOM MMEET, IYCTh KaKyL[yHCs, HO BCE-TaKH
CBSI3b, CBSI3b OOJI€E 3HAUYMMYIO, YeM TPAJUIIMOHHAS CIIy4afHOCTh. DTOT Pe3yabTaT MOXKHO MPEJCTaBUTh
KakK 1moJ0pachIBaHNE MOHETHI, P TaJICHUH KOTOPOH OpEN BBIMAZaeT, HAIpUMep, B JIBa pa3a yalie, YeM
pemika. O4eBUIHO, YTO PE3yJbTaThl OPEN U PEIlIKa B JAHHOM CIlydyae HE paBHOBEPOSATHBI, U BHINAJCHNE
OJTHOTO U3 HUX SIBHO C8A3GHO C OCOOCHHOCTSIMU MOHETHI, CTOJIA UJIM C XUTPOCTHIO UCCIIEAOBATES.

KakoBa jke mpuYMHA TAaKOrO pe3ysibTaTa W3MEpeHus Ha OimkHed cucreme? PaccMoTpum
BO3MO’KHbIE BapuaHThl. Hampumep, pesynbrar B BO3HMK H3-3a TOTO, 4TO M3MEPUTEIb HAa YAAIEHHOU
cCHCTeME Tepeaal CUTHaJl M3MEpPUTENI0 Ha ONKHEH CUCTeMe M TOT, M3MEHHB CBOE COCTOSIHUE, CBOU
HAacCTpOMKM, NPOYMTAT y 4YacTHIBl 3TOT pe3ynbTar B BMecrto pesynbrata A. lMmeHHO Takoe
MPENoJOXKEeHNe BBIIBUHYNT bemr, dYroObl CBs3aTh BOEAMHO <JIONOJHHUTEIBHBIE IE€PEeMEHHBIE»
OWHIITEHA W CTAaTUCTUYECKUE MpEJCKa3aHWs KBAaHTOBOM MexaHHMKH. OIHAKO 3TO OOBSCHEHHE HE
MOJKET OBITH MPHEMJIEMbIM, MMOCKOIBKY HApyIIAIOTCS BBIBOABI APYrOd TEOPUU — CIICHUAIBHON TEOpUU
OTHOCHUTEIILHOCTH.

BapuanTt npyroit. MOXXHO TpEINOJNIOKUTE, YTO ONMKAWIIUN W3MEPHUTENb... MPOCTO BBIAAT
JOXHBIA pe3yabrat, conran! [lomyunB pesynbraT usMepeHuss - C (BEpOSTHOCTHOE, CIIy4ailHOE
3Ha4YCHHWE, HHUKAaK HE CBA3aHHOE C W3MEPEHHEM Ha YIalI€HHOM CHCTEME M HE COBIAJAIoUIee C
Npe/ICKa3aHNeM <«HEMOJIHOW» KBAaHTOBOM MEXaHHWKH), OH OTOPOCHII €r0 M BbIJAJ HaM pe3yipTar B —
3aBUCHMBIN OT yHAIEHHOTO M3MepuTels. M BHOBb 3TO 03HAyaeT, 4To ecTh (CBEpXCBETOBAs) Iepeiada
CHTHAJIa OT YAAJIEHHOTO U3MEPUTENS K OIH3IIeKalieMy H3MEpUTEITIO.

He tpynHo 3aMeTuTh, 4yTo 00a 3TH BapuaHTa B ONPENENEHHON cTeneHHn cXoXu. Kak moHuMaTh
cioBa bemna «BnusATh Ha uTeHHE»? OYEBHUIHO, 3TO HE TO K€ CaAMO€, YTO «BIIUATH HA COCTOSIHUE BTOPOU
CUCTEMBbI». BiusHHMe Ha 4YTEHUE O03HA4aeT HU YTO MHHOE, KaK Uu3MeHeHue COCTOSHHUS BTOPOIO
n3meputens! To ecTb, U3MEpUTENDL caM YTO-TO U3MEPHJI, MEPEIIEN B COOTBETCTBYIOIIEE COCTOSIHUE, HO
CUTHAJ OT YNaJ€HHOW CUCTEMBI MEpPEBEN €ro B Opy2oe COCTOSHUE, HE TO, KOTOPOE OH IOJIy4yus B
pe3yibTaTe COOCTBEHHOTO N3MEPEHUSI.

Ecnu cocTositHue BTOPOrO M3MEPUTEINS UZMEHUIOCh, YTO MOXKHO CKa3aThb O COCTOSIHUU BTOPOH,
OmmkHel cucteMbl? TOJIBKO OJTHO: OHO HaM He U36eCmHO, TIOCKOJIBKY O HEM MBI MOYKEM CYIUTh TOJIBKO
o uH(OpPMAINH, MOCTYMUBIIEH K HaM OT 3TOro BTOporo, ommwkHero m3meputens! To ects, mo bemny
3TO O3HAYaeT HCIIOJIBb30BAHUE HemouHo2o TIPUOOpa, KOTOPBIM NPU3BAaH YCTPAHUTH OIIMOOYHOCTH
HMCXOJHBIX MPEINOJIOKEHUN pacCMaTpUBAEMO JToKanbHOU Teopuu. [IpuBeaém neranu BoIBo10B bema:

1. 3ampemieHa cBsA3b MEXIy YaCTHIIAMHU, HO OHA HEU30eKHA MEXIY MPHUOOpaMHu.
2. 3ampeleHa CBs3b CBEPXCBETOBAS, HO MEX/Ty MPUOOpaMU OHA HEM30CKHA.

OnHako «Hen30exXHbIe» BBIBOJBI bema Ha caMoM jene J0JDKHA O3HAa4daTh OE3BBIXOTHOCTD
CUTYallU! JUISI «IOTIOJHHUTENBHBIX IMEepeMEHHBIX». WX Hamuyme TpeOyeT CBEpXCBETOBOHM Iepenadn
curHana! IlockonbKy B MCXOJHOM <«IIOJIHOM» KBAHTOBOW TEOPUU MO DUHIITEHHY MEXIY YaCTULIAMU
Takas CBsI3b OTCYTCTBYET, TO OHA HAaBSI3UMBO BBICTYIIAE€T B TAKOM «I1aPOJUMHOM> BHUJIE — CBEPXCBETOBOM
CBSI3U MKy U3MepuTeNsiMU. To ecTh B 00Jiee ITUPOKOM CMBICIIE MOXKHO CKa3aTh, 4TO bem mpuxoauT k
BBIBOJIY: KOPPEJSIHS Pe3yIbTaTOB 03 CBSA3M MEXAY cucTeMaMu (dacTuiia + U3MEpHUTENb) HEBO3ZMOXKHA
U OHa — CBEPXCBETOBas (0 TOM, KaK OHa JIOCTHIACTCSI B HETOJIHOW, TPaAUIIMOHHO KBAHTOBOW TEOPHUH,
yManuuBaetcs). BeiBosibl benia mokassiBaroT, 4TO MOJYYEHHBIH pe3ynbTar (Koppensius) GakTHYeCKn
MOJIHOCTBIO  a0eKeameH CBEPXCBETOBOM 653U MEXKAYy cucteMamu (4acThiia + HM3MEPHTEIb).
[IpunepxuBasich JIOPEHI-MHBAPUAHTHOCTH <IIOJIHOW» KBAHTOBOM MEXaHHWKH, bein mokas3bpIBaer, 4To
«JIOTIOJTHUTENIbHBIE TIEPEMEHHBIE», TEM HE MEHEe, HapyllaroT e€. DWHIUTEHH He MpeasaraeT perieHus
po0OJIeMBbl, TTOCKOJIBKY HE paccMaTpUBAET HE - BEPOSTHOCTHYIO 3aBUCHMOCTh. OnHako Habiromaemoe
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SIBJICHHE HE MOXET OBbITh OIHMCAHO WHAYe, 4eM OoJjiee CHIIbHAs, HEXEIH CIIydailHas, 3aBHCHMOCTb
U3MEpeHHid, KOTOpas MPAKTUYECKH CXOKa C BIMSHHEM OJHOTO HM3MEpeHus Ha apyroe. bemn 3to
JI0Ka3bIBAaET B CaMOM OOIIIeM BHJIE.

XoTs JI0Ka3aTenbCTBO bemra JO/MDKHO OBLIO MMOKa3aTh OTCYTCTBHE 3aBUCHMOCTH MEXKITY
HU3MECPCHUAMHA, U B OTOM CMBICJIC €T0 JOBOABI COBIIAAAIOT C LEIAMUA OHHIITEHHA (HOKa3aTB OTCYTCTBUC
CBsA3U MCIKAY CI/ICTeMaMI/I), HO BBIBO/JBbI Y6€)KZ[aIOT, YTO U3SMCPCHUA ABJIAIOTCA 3aBUCUMBIMH. benn ssBHO
HE MPHUBOJIUT ATy 3aBUCUMOCTH (3akoH Mairyca):

P(a, ):% cos’(a,b)

P(a,b) —BepoATHOCTH COBMECTHOM PErucTpanuy JBYX 3alyTaHHBIX YaCTHII;

(a,b)  —yrom Mexay U3MEPUTEIAMHU.

MOo3HO 11, paccMaTpuBasl 3Ty 3aBHCHMOCTH, CKa3aTh WHAYe, HEXETH «Pe3yJbTaT OJHOTO HU3MEPEHHS
3aBUCHUT OT yriia (HACTPOWKH) yIal€HHOTO M3MepuTensi»? HacTpoiika ynaleHHOTO H3MEPUTEINS SIBHBIM
o0pa3oM grusiem Ha pe3ylbTaT W3MEpPEHUs Ha JNaHHOUW cucreme. M bemnm nokassiBaeT 3TO BIIOJHE
yOeIUTENbHO: Pe3ynbTaThl M3MEPEHHH 3aBUCIT APYr OT ApYra, OHM HE SIBJISIIOTCS HE3aBUCHMBIMH,
BEPOSITHOCTHBIMU. ECTh 1M Apyroe ommcaHue sBICHUS? MOTYT JH pe3yibTaThl H3MEPEHHH OBITh He
cayuatinvimu (MO OTHOIICHUIO IPYT K JPYTY) B BMECTE C TeM Hezasucumvimu (Apyr oT apyra)? OaHako
HEJIOKATLHOCTh YTBEPIKIAET ITO.

[To DiHIITEHHY pe3yabTaThl W3MEPEHHs YACTHI[ KOCBCHHO SIBISIFOTCS 3aBHCHMBIMH. OJTa
3aBUCUMOCTH (DOPMHPYETCS B MOMEHT 3aIlyThIBAHHS YACTHIl U COXPAHSETCS 10 KOHIIA ombITa. To ecTh,
CIyYaifHBIMU COCTOSIHHSI 4YacTHIl (OPMHPYIOTCSI B MOMEHT WX pasjelieHHus. B JanpHeiieM OHH
COXPAHSIIOT TIOJyYCHHbIC TPHU 3aMyTHIBAHUU COCTOSHHS, M XPAHATCA» OTH COCTOSIHUSL B HEKHX
aNeMeHTax (PU3HUECKO# PeabHOCTH, OMTUCHIBAEMBIX «IOMOIHUTEILHBIMHU MapaMeTPaMu.

«Ho 00no npednonodxcenue npedcmagisemcs mHue beccnopHvim. Peanvnoe nonosicenue sewetl
(cocmosinue) cucmemvl S He 3asucum om mozo, 4mo NPoOebI8AIOM ¢ NPOCMPAHCMBEEHHO OMOEIEHHOU
om neé cucmemoui S». [6, €.290]

<...MAK KAK 80 6peMsi USMEPEHUs 2Mu 08e CUCMEeMbl Yice He G3auUMOOelicmeyonm, mo 6
pe3yibmame Kakux Ovl mo Hu OblI0 onepayuil Hao0 Nepeoli CUCMEMOll, 60 GMOPOL CUCMeMe Vice He
MOJICEM NOYHUMbCSL HUKAKUX PeANbHbIX U3MeHeHuti». [ 7]

B cBoux BeIKIIaAKax bems KOHKpeTH3MpyeT 3T IMpeicTaBleHus JiHIITeHHa B (opme Habopa

napamerpos, 060o3HaumB uX | . COCTOSHHS CHCTEM BO3HMKAIOT CIYYaiiHO, NpaBja, HE B TOUKE
pa3zesieHus: CUCTEM, a B TOUKaX U3MEPEHMs], [0 «3alUCAM» B JOTIOJHUTEIbHBIX NTepeMeHHbIX. 1 Takas
BEPOSATHOCTHAsI 3aKOHOMEPHOCTH, Kak Joka3all bemn, uckmouena. Ho naxe B 3TOM cilydae pe3ynbTaThl
U3MEpPEHUI OKa3bIBAIOTCS 3aBUCHUMBIMHU ApPYr OT jApyra. JlelcTBUTENBHO, €CiH SaCTHIEL HPHHEMAIOT

CBOU 3HAYEHUS, 3aBUCUMBIE OT CKPBITHIX napaMeTpOB | — «pesymomam A usmepenus S ><a 3aeucum
r

om a u | , a pesynomam B usmepenus S , >b 8 MOM Jice CAMOM CyYae 3a8Ucum om b ul »[2], nmo
M caMi mapaMerpbl |  GBUIM B3aMMOCBS3AHBI IPH Pa3elIeHHH CHCTEM, TO 3TO HH YTO HHOE, KaK
OTIOCPEIOBAaHHOE BIMSHUE U3MEpPEHU Apyr Ha Apyra. OnocpenoBaHHOE, HO, TEM HE MEHee, — BIIUSIHUE,
3aBUCUMOCTb. TO €CTh, 3TO BJIMSHUE U3MEPEHUM JIpYyr Ha Jpyra WM BIUSHUE YaCTUIl APYT Ha JIpyra
(mpoTuB yero BeICTymaeT W DiHINTEIH), bemn 3aMeHsIeT BIMSIHUEM JPYr Ha JpYyra JOTOJHUTEIbHBIX
napamMeTpoB. VICXOTHBIM MPEANOI0KEHIUEM ObLIO OTCYTCTBUE TAKOTO BIUSHHUS - «IadbHOAeHCTBU». HO
COBCEM OTKa3aTbCsl OT HETO 0Ka3aJloCh HEBO3MOXHO, IO3TOMY benst BBIIBUHYI UIEI0 O TOM, UTO JIPYT
Ha Jpyra JIOJDKHBI BIUSATh w3Meputenu. JInbo, ydyuThiBas, 4TO CBS3b MEXKIY YacTUI[AMHU 3aMEHEHa
AQHAJIOTUYHOM CBSI3bI0 MEX]Y «IOMOJHUTEIHHBIMH MapaMeTpaMu», U3MEPUTEIU BIUSIOT JPYr Ha Jpyra
U «HACTPAMBAIOT» UX. B uem pazinumne NByX MEXaHH3MOB BIHsSHUS ? PaccMoTpuM ux moapoOHee.

1. OpHa yacTula BIUSET HA JPYTYIO

2. OnuH U3MepUTelh BIUSET HA JPYTrOd N3MEPUTEITh.

B nepBom ciydae uzmepurtenu Ipyr Ha JIpyra He BIMSIOT U MOKA3bIBAIOT UCTUHHOE, TIPABMIIHLHOE

COCTOSTHUE YacTHUIl. To ecTh M3MepeHne NCTUHHOE, TPUOOphl He NryT. Takoe BIMSHUE YaCTHUI] APYT HA
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Jpyra OTPHUILIAET BEPOSTHOCTHBIM XapakTep HX CBA3M M IMOJATBEPXKJIACT MpeAcKa3aHus KBaHTOBOM
MEXaHUKH, HO TPeOyeT a) CBsI3M, 0) CBEPXCBETOBOI Mepeayn CUrHala.

Bo BTOpoM cmywae, dwacTuisl BeayT ce0si BeposSTHOCTHO. Ho 3To He cormacyercs ¢
Npe/CKa3aHusIMU KBAaHTOBOW MEXaHUKHU (M DKCIIEpUMEHTa). B 3TOM ciyuae M3MEpUTENH BBIIAIOT HE
BEPOSITHOCTHBIE PE3YJIbTAaThl (IOATBEPIKAAEMbIE SKCIEPUMEHTOM). TO ecTh M3MEpPHUTENIN TOKa3bIBAIOT HE
TO, Kak BeAyT ce0s YacTUIbl, KOTOpbIe, KaK MBI TpEAINoJiaraeM, BeOyT ceOsi BEpOSITHOCTHO.
CnenoBarenbHo, npubopsl — sieym! Ho Bemp mist TOro, 4yToObl coyrath HY)KHBIM 00pazoM, MpHOOPHI
JOJDKHBL TIepenath Apyr apyry uHpopmanuio. Kakyoo? OTkyzna OHM 3HAIOT, KaK HYKHO COJTaTh?
OueBuiHO, NEpes TeM, KaK COJraTh, OHM HU3MEPWIN UCMUHHOE, BEPOSITHOCTHOE COCTOSIHME YacTHLl.
3areM, UCHOJNB3ys OTH JaHHbIE, HMCKAa3WJIM HX TakkUM oO0pa3oM, 4YTO pe3ylbTaT oOKa3ajcs He-
BEPOSITHOCTHBIM. HO MBI BU/IMM JIUIIb NTOKA3aHUS U3MEPUTETIEH, IO3TOMY O BEPOSITHOCTHOM XapakTepe
MOBEICHNS YacTHIl 3HaThb He MoxeM. Kcratu, /uid co3aHusl CyIIECTBYIOLIEH KapTUHBI, IIEPBOMY W3
M3MEpHTENIel UCKaKaTh pe3yabTar, BUAUMO, He 00s3aTenbHo. VHaue, OH JIOMKEeH OyleT <«IIpuayMaTh»
MCXOJ1 HE TOJIBKO JUIS BTOPOTO M3MEPHTEINs, HO U JUIs ce0st caMoro. XOoTs Takas aCHMMETpPHUsl HUYeM He
OTIpaB/aHa, MpoLeaypa U3MEPEHHSI MOTIIa OBl BRITJISAECTH IPUMEPHO TaK:

YacTuibl UMEIOT BEpOSITHOCTHBIE cocTosiHus A u B. IlepBrlif U3 u3mepurenei peructpupyer
cocTtosiHue A, HO BbIIAET pe3ynbTaT D, nepenaBas BTOpOMY U3MEPHUTENIO YKa3aHHUE M1OKa3aTh Pe3ybTar
C, nmumas ero BO3MOXXHOCTH CaMOMYy HCKa3WTh pe3ylbTaT. BOT Takue WHTPUTH TPH KBaHTOBO-
MEXaHUYECKOM JIBOPE JOJDKHBI pa3bilpaTh W3MEPHUTENH, 4YTOOBI BBINOJHUTH YCTAaHOBKY (3a1aHue,
crosiiee nepea HUMH), chopmynupoBaHHyro bemom:

- TOJOTHATh TOBEJCHHE YAaCTUI[ TIOJ BEPOSTHOCTHBIM XapakTep (COXpaHMUB coOTJacue C

IKCIIEPUMEHTOM U HETIOJHON» KBAHTOBON MEXaHHKOM);

- HCKJIIOYUTH CBA3b MEX]y YaCTHULIAMU;
- COXpaHUTh JIOPEHII-UHBAPUAHT CUCTEMBI.

BreiBon, mnpuBenéuuwnii bemnom, QakTudeckum mMoapazymMeBaeT IMOATACOBKY PE3YJIbTAaTOB
u3MepuresiMd. Ho u mpu 3ToM MBI HaOmogaeM BCE T€ K€ — KBAaHTOBO-MEXAHWYECKHE TOKa3aHUs
m3meputeneit! To ecTh MOJIHOCTHIO COTJIACYIOIIMECS C JKCIEPUMEHTOM. BeposTHOCTHOE MOBeneHUe
YaCTHUL[ IO-IIPEKHEMY «CKPBITO» OT HAaIIUX IJIa3, W BIMSIHUE HU3MEPUTENICH ApPYr HA Apyra He Naér
HUYEro HOBOTO. DTOT BhIBOJ benia oka3ancs BbIIIE UM e ONPOBEPTHYT.

Wrak, n3 Beiknagok bemna MOXHO cienarh BBIBOJ, UuTO Aaxke ¢ HapymeHnueM CTO pomnyiieHue o
BIIMSIHUU U3MEpUTENEH APYr Ha Apyra HE MOKET BBIIBUTH JOKAJIBHOIO XapaKTepa MOBEACHUS CHCTEM,
MX HE3aBHCUMOTO JIPYr OT Jpyra MOBEACHUS HAa MOMEHT u3MepeHus. To ecThb KBaHTOBO-MEXaHUYECKas
KOPpEJSAUs pe3yabTaTOB U3MEPEHMsI 3allyTaHHBIX YAaCTHUILl NP OTPULIAHUU TAKOTO BIUSHUS HE MMEET
paMoHaTBFHOTO 00BCHEHHs. DTO BecbMa OyarojaTHasi MoyBa JUIsi MUCTUKU U peiurun. OHAKO BBIIIE
yKe OBUIO OTMEYEHO, YTO M JOBOJABI B MOJB3y HEJIOKAJHHOCTH TOCTPOEHBI Ha JOCTATOYHO 3HIOKOM
byHnaamenTe.

HesaBucumocTs cucreM Ipyr OT Apyra sBISETCA IPEANOJIOKEHUEM, KOTOPOE B 3HAYUTEIBHON
creneHd (M Jaxe TIaBHBIM 00pa3oM) OCHOBAaHO Ha CTPEMIJICHHH OCTaThCs B PaMKaX PESTHBU3MA.
PaccmotrpuM 5T OCHOBaHHMs. Bo-mepBBIX, CBEPXCBETOBAs KOPPEJSALUSA PE3YJIbTATOB HU3MEPEHUH HE
IIPOTUBOPEUYUT CHELUAIBHOW TEOPUH OTHOCHUTEIBHOCTh, IIOCKOJBKY HET Iepefayd CUrHaiga B
PENSTUBUCTCKOM CMbIciie. Bo-BTOpbIX, He 3aUKCUpOBaH M JaK€ TUNOTETHYECKH HE OIHUCaH
CKOPPENALMOHHBIA CHUTHAJI», XOTS €CTh paboTa, B KOTOPOH YTBEp)KIaercs, 4ro ObUia H3MepeHa
CKOpPOCTh Tepefaud MoJa00HOTO «curHaia» [3]. B-TpeThbuX, CBOWCTBOM HEIOKAIBHOCTH SIBISETCS
O4YEBHUHAS 3aBUCUMOCTb PE3YJIbTATOB U3MEPEHHUs APYr OT Apyra IpHU OTPULAHUU TaKOM 3aBHCUMOCTH.
To ecTb, ¢ TOUKM 3peHUS TEOPUH BEPOSTHOCTH, PE3YNIbTATHI U3MEPEHUN MOAIAAI0T 10 ONPEACIICHUE
COOBITHH 3aBUCUMBIX. JleiCTBUTENFHO, KaK €II€ MOXKHO paccCMaTpUBaTh Pe3ybTaThl ABYX M3MEPEHHH,
€CIM pe3yapTaT IIepBOrO W3 HHUX JOCTOBEPHO, TO €CTh C BEPOATHOCTBIO, PAaBHOW EIUHHIIE,
MPEJICKa3bIBACT Pe3ynbTaT BTOPOro u3MepeHus? Ho cTOpOHHUKN TPaJWIIMOHHOW KBAHTOBOW MEXaHHUKH
HE OYeHb YOCTUTEIHHO OTPHUIAIOT 3Ty CBA3b. B KauecTBe J0BOAA MPHBOJHUTCS CChUJIKA HA IMpaBHIIaA
BBIYMCIICHUS] BEPOSITHOCTEW. B KBaHTOBOW MEXaHUKE CKIIAAbIBAIOTCS HE BEPOSTHOCTH, & aMIUIMTY]IbI
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BeposTHOCTe. OQHAKO TMpaBWiia BBIYUCIECHUH BPSAJ JIK MOTYT CIY)KHTh OOBSCHEHHMEM MEXaHHU3Ma
BO3HMKHOBEHMSI TaKOW 3aBUCHUMOCTH WJIHA TaKOM BEpOSATHOCTH. Harmpumep, BbIazieHre Opiia WK PELIKH
pu MoAOPACEIBAHUM MOHETHI B KJIACCHYECKOH TEOPHUM BEPOSATHOCTH BBIYMCISETCS 1O OTPEACICHHBIM
npaBuiaaM. Ho 1o kakoM npUYMHE BO3HHUKACT TAaKOE€ pAacCIpeleieHUue, TEOpHUs BEPOSITHOCTH HE
00BbscHSCT. B KBAaHTOBOI MEXaHHMKE MPABUIIO CIOKEHUS aMILTUTY]I BEPOSITHOCTEH (BOJTHOBBIX (DYHKITHIT)
MO3BOJIIET TOYHO BBIYHCIHTH PE3yIbTaT HW3MEPEHHH (BEpOSITHOCTh BBIMAJCHUS HEKOTOPOTO
pe3yibTara), HO 3TO MPAaBHJIO HE O0SM3aHO OOBICHATH (PU3MYCCKUN MEXaHH3M TMOSIBICHUS TaKUX
pe3yiabTaToB. DTO O3HAYaeT, YTO HET aOCOJIOTHO HHUKAKMX OCHOBAHWMN /JIs1 OOBHHEHHWI B ajpec
KBAaHTOBOH MEXaHUKM 3a OTCYTCTBHE Takux oObsicHeHui! OOBsICHEHHE HENOKaIbHOCTH U
HecernapadebHOCTH KaK (PU3NYECKHUX MPOLIECCOB, BUIUMO, BBIXOJHT 32 PAMKH 3TOH TEOPHUH.

B noruke wm3BecTeH cHoco® IOKa3aTeNbCTBA, KOTOPBIH MOKHO Ha3BaTh <JIOBEIACHUEM 0
abcypaa». Jlemaercss HEKOTOpOE HCXOJHOE IPEAINOJIOKEHHUE, YTBEPXKJICHHE. 3aTeéM JIOTHYECKHUMHU
peoOpa3oBaHUAMU MOJTYYAIOT U3 HETO BBIBOJIBI, KOTOPBIE IPOTHBOPEYAT UCXOIHBIM MPEIOI0KEHHUSIM.
CunraeTcs JOKa3aHHBIM, YTO MCXOJHBIE MPEAIOJIOKEHHs OINO0YHBI, OTIPOBEprHYTHl. B cTarbe bemna
SIBHO IIPOCMATPUBAIOTCS OCHOBHBIE NPUEMBI ATOr0o MeroAa. Ho BeIBOA U3 paccyxieHui bemna caenaH ¢
OYEBHHBIM OTCTYILUICHHEM OT MeTOJa. MICXOJHBIMU MPENNONIOKEeHUSIMU (MOXKHO CKa3aTh, OT UMECHU
DitHITelHA) OBLTH CIICAYOLIHE:

1. TlpusHanue nocrynaTa CHEUMATBHON TEOPUM OTHOCUTEIIBHOCTH O HPENEIIBHOCTH CKOPOCTH
nepeaayr MHGOpMaIK, KOTOpast He MOYKET IPEBBIIIATh CKOPOCTh CBETA.
2. Pa3nenéHHble CHCTEMBI HE BIMSIOT APYT Ha Jpyra, HUKakue M3MEHEHHUS B OJIHOW CHCTEME He

JIOJKHBI OKa3bIBAaTh BIMSHUS Ha IPYTYIO.

3. Pesynbrar HM3MepeHHs Ha OJHOM CHUCTEME SIBISCTCS BEPOSTHOCTHBIM (HE3aBHCHUMBIM) TI0

OTHOILIEHHUIO K PE3yJbTaTy, IOJy4EHHOMY IIPA U3MEPEHUH Ha APYrOd CUCTEME.

DOKCIEpUMEHT W KBAaHTOBO-MEXaHMYECKHE BBIYHMCICHUS TOKA3bIBAIOT, YTO IYHKT 3 HapylIaeTcs.
OueBUIHBIM BBIBOJIOM JIOJDKEH OBITH CIEIYIOUIMI: pe3yabTaTbl M3MEPEHUH Ha JIByX CHCTEMax He
SBIISIFOTCSL BEPOSITHOCTHBIMH. UTO SIBISIETCS albTEPHATUBOM K CIIydailHOH CBSA3M Benu4uH? Buammo,
3aBUCHUMOCTb OJHOW BEJIMYMHBI OT JApPYyrol. OTHU BEIMYMHBI CBSA3aHbl MPUYMHHO-CIICCTBEHHBIMU
OTHOWIEHUAMHU. HO 11 KBaHTOBOM MEXaHUKH 3TO HE IPUEMIIEMO, IIOCKOJIBKY TEIepbh OKa3bIBACTCSA
HApYIIEHHBIM IYHKT 2 TpeanoyiokeHuil. UTo sBIsSeTCS OUYEBHAHOW albTEepPHATHBON OTCYTCTBHUIO
BIIMSIHHSI CUCTEM JIpYyT Ha apyra? O4eBuIHO, Hanu4yue Takoro BimsiHUs! Ho Torna Hapymmaercs myHKT 1,
MOCKOJIbKY HAJIUIIO SIBHOE CBEPXCBETOBOE CHHXPOHHOE» MOBEACHUE YacTULl. [ «criaceHus» myHkra 1
MPUBOAATCS JOBOJBI 00 OTCYTCTBHHM CHUTHajla KaKk TaKOBOTO, CHUTHAla B PEISTHBHCTCKOM cMbicie. C
9TUM OYEHb JIETKO COIVIACUTBCS, HO BO3HUKACT ABYCMBICICHHOCTb. J[a, pEIATUBUCTCKUN CUTHAI HE
3a¢ukcupoBaH U TyHKT 1, Bpome Obl cmacéH. Ho ecTb «CHHXPOHHOCTB», IO3TOMY HpU3HAHHE
PENSTUBUCTCKOTO TOCTYNaTa B IMyHKTE 1 He sBisieTcss yOenuTeNbHBIM 00OCHOBAaHUEM JUISL OTCYTCTBHS
BIMSIHHS, TO €CTh CBsI3U. HeoOXoauMo OTKazaThCs OT IMyHKTa 1, HO... BMECTO ATOTO BBOJHTCS
HEJIOKaJIbHOCTh, HECENapadeIbHOCTh C HECKPhIBAEMBIM MUCTHYECKUM OTTEHKOM [4]. DTO He mepenaya
pensITUBUCTCKOTO curHana. M make BooOIe He mepeiada Kakoro Obl TO HU ObUIO cUrHaia (To, 4To He
OOHapy)XeHO, HE CymecTByeT!): KOppesIHOHHOTO, KBAaHTOBOTO, CHTHAJa KOJUIanca, Kak €ro HU
Ha3bpiBail. To ecTh BpoJie OBl Kakas-TO Ieperadya «CHHXPOHHOCTH» €CTh, HO e€... HeT. Hanmio siBHOE
CTPEMJICHHE OTPHULATh OYEBUIHOE: JIBE CUCTEMBI HMEIOT APYT C JAPYrOM CBEPXCBETOBYIO CBA3b. [IycTh
OHa HE PEISTUBUCTCKAs W He sBisiercss sBHbIM omnpoBepikeHneM CTO (uepe3 ompoBepkeHHe €€
0a3oBoro mocrynara o ckopoctd cera). Ho dopmansHO onHa M3 cuCTeM nepenaér Apyroi cucreme
HEKOTOphIi curHai. [loaToMy o4eBUAHO, YTO MYHKT 1 axcnepumenmanbrho U KBAaHTOBO-MEXaHUYECKUMU
gbruucaenuamu onposepraercs. To ecTb MPaBUIIBHBIM BBIBOJOM M3 paccyxJeHui bemia moymkeH ObITh
BBIBOJI: CBEPXCBETOBAsI CBSI3b MEXy cucTeMamu umeercs [5]. Oqnako bein nemaer cTpaHHBIA BBIBOJI.
OH no-npexHeMy OCTaéTcsi BEPEH MEPBOMY IYHKTY. DTO U BBIHYKJAET €ro CAejlaTh 3TOT CTPAHHBII
BBIBOJI, KOTOpBIM MHaye, KaK <«IIYIJIMBBIM» HE Ha30BEIMb. BMECTO O0OYEBHIHO ONPOBEPrHYTOMU
MPENOCBUTKA 00 OTCYTCTBHM CBSI3M MEXKJy CHUCTEMaMH, OH BBOJHUT CBSI3b MEXIY... U3MEPHUTEISIMH.
XoTs (hopMabHO 3TO MAJIO YTO MEHSIET: CBEPXCBETOBAs CBS3b HYXKHA, HO OHA BCE PaBHO HE MO3BOJISET
BBISIBUTH BEPOSTHOCTHOE NIOBEJACHUE HE3aBUCUMBIX CHCTEM.
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[Tpu3Hanue CBEpXCBETOBOHM CBSI3W MEXKIY CHCTEMaMH JIOJDKHO OBITh MPH3HAHO KaK CIIEJICTBUE
MeTO/1a «I0BeeHUs 10 abcypaa». [ToCKobKY OTKa3 OT CBEPXCBETOBOM «HEPENIATUBUCTCKONY (?) CBs3M
MEX/ly 4YacTHI[aMU TPUBOJUT K HEMPUEMIIEMOMY pe3yJbTaTy, CIeAOBATENbHO, Takas CBS3b HMEET
MecTo. OHAKO MHUCTHYECKash HEJIOKaNbHOCTh Jiyuiie. Ho oHa nydie TOJBKO, €CITU HE MOMBITAThCA
OOBSCHUTH ©€ MEeXaHHW3M, KOTOPBId SIBHO BBITJISIUT HMMEHHO KaK CBEPXCBETOBas Iepenadya
«HepensTuBucTckoro» (?) curnana. Bonpoc B ckoOKkax 03HAYaeT, YTO HE UCKIIIOYACTCS U MaTepuabHas
CBA3b, TIIOKa HE 3apeTrUCTPUpOBaHHAs, TO €CTh HEKMMH 4YacTUIIaMM WA  BOJIHAMH,
pacnpoctpanstomumucs ¢ Hapymenuem CTO.

Teneps, paccmaTpuBas BCE B 00paTHOM TOpPSIKE, BUIUM, YTO HapylieHUE MyHKTa 1, B CBOO
odepelib, MPUBOJUT K OMPOBEPKCHHUIO MyHKTA 2. JTO MPOTUBOPEUYUT IMPEICTABICHUAM DWHINTEHHA O
«TATBHOJICHCTBUU», HO TOJHOCTHIO COOTBETCTBYET €ro IMPEICTaBICHUSM 00 JJIeMeHTaxX (PU3NYeCcKOi
PEATBHOCTH. A 3TO YK€ HaMHOTO O0JbIle (PU3KKa, 4eM MUCTHKA HecermapadeTbHOCTH U HEJIOKAITbHOCTH.
O nmyHKTe 3 MOXHO CKa3aTh JIMIIb, YTO OH KaK OBLI, TAaK M OCTAJICS ONTUOOYHBIM IMPEATIOTIOKECHHEM.
Bospaxxenuss DUHIITEHHA O MOJHOTE KBAHTOBO-MEXAHUYECKOTO OMHUCAHUS JEUCTBUTEIBHOCTU, TAaKUM
o0pa3oMm, MPHOOPETAIOT HOBOE 3ByJYAHHE.
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|. Introduction

THE paradox of Einstein, Podolsky and Rosen [1] was advanced as an argument then quantum
mechanics could not be a complete theory but should be supplemented by additional variables. These
additional variables were to restore to the theory causality and locality [2]. In this note that idea will be
formulated mathematically and shown to be incompatible with the statistical predictions of quantum
mechanics. It is the requirement of locality, or more precisely that the result of a measurement on one
system be unaffected by operations on a distant system with which it has interacted in the past, that
creates the essential difficulty. There have been attempts [3] to show that even without such a
separability or locality requirement no «hidden variable» interpretation of quantum mechanics is
possible. These attempts have been examined elsewhere [4] and found wanting. Moreover, a hidden
variable interpretation of elementary quantum theory [5] has been explicitly constructed. That particular
interpretation has indeed a grossly non-local structure. Thisis characteristic, according to the result to be
proved here, of any such theory which reproduces exactly the quantum mechanical predictions.

II. Formulation
With the example advocated by Bohm and Aharonov [6], the EPR argument is the following.
Consider a pair of spin one-half particles formed somehow in the singlet spin state and moving freely in
opposite dlrectlons Measurements can be made, say by Stern—GerIach magnets on selected components

of the spins S and S ». 1T measurement of the component S ><a where a is some unit vector, yields

value +1 then, according to quantum mechanics, measurement of s 5 xa must yield the value -1 vice

versa. Now we make the hypothesis [2], and it seems one at least worth considering, that if the two
measurements are made at places remote from one another the orientation of one magnet does not
influence the result obtained with the other. Since we can predict in advance the result of measuring any

1 I
chosen component of S ,, by previously measuring the same component of S ,, it follows that the result

of any such measurement must actually be predetermined. Since the initial quantum mechanical wave
function does not determine the result of an individual measurement, this predetermination implies the
possibility of a more complete specification of the state.

Let this more complete specification be effected by means of parameters | . It is a mater of
indifference in the following whether | denotes a single variable or a set, or even a set of functions,
and whether the variables are discrete or continuous. However, we write as if | were a single
continuous parameter. The result A of measuring S'1 ><E'i is then determined by a and | , and the result

r '
B of measuring S , X in the same instance is determined by b and | , and

* Work supported an part by the U.S. Atomic Energy Commission
Y On leave of absence from SLAC and CERN
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AR, )=+1 B, )=+1, (1)

The vital assumption [2] is that the result B for particle 2 does not depend on the setting é, of the
magnet for particle 1, nor Aon b .
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If p(l ) isthe probablllty distribution of | then the expectation value of the product of the two

componentss X and S >b |s

Al r !
P(a b) = (dl p(l YA(a,1 )B(b,l ) 2
This should equal the quantum mechanical expectatlon val ue, which for the singlet stateis
r rr
<s,>as >b >=- &b, 3)

But it will be shown that thisis not possuble.
Some might prefer a formulation in which the hidden variables fall into two sets, with A

dependent on one and B on the other; this possibility is contained in the above, since | stands for any
number of variables and the dependences thereon of A and B are unrestricted. In a complete physical
theory of the type envisaged by Einstein, the hidden variables would have dynamical significance and

laws of motion; our | can then be thought of as initial values of these variables at some suitable instant.

1. [lustration
The proof of the main result is quite simple. Before giving it, however, a number of illustrations
may serve put it in perspective.
First, there is no difficulty in giving a hidden variable account of spin measurements on a single
particle. Suppose we have a spin half particle in a pure spin state with polarization denoted by a unit

vector p Let the hldden variable (for example) a unit vector | with uniform probability distribution
over the hemisphere | Xp > 0. Specify that the reﬁult of measurement of a component SRERE

sugnl e (4)
where &C is a unit vector depending on a and p in way to be specified, and the sign function is +1 or
—1 according to the sign of its argument. Actually this leaves the result undetermined when | >a(I =0,

but as the probability of this is zero we will not make special prescriptions for it. Averaging over | the
expectation value is
2

rr
<s xa>=1- — (5)
P
where g ¢ isthe angle between al and P . Supposethenthat al isobtained from @ by rotation towards
P unti
(
1- 21 =com ©
where g isthe angle between a and b . Then we have the desired result

<s >a>=coy] @)
So in this simple case there is no difficulty in the view that the result of every measurement is
determined by the value of an extra variable, and that the statistical features of quantum mechanics arise
because the value of this variable is unknown in individual instances.

Vol. 1, No. 3 ON THE EINSTEIN PODOLSKY ROSEN PARADOX 197

Secondly, there is no difficulty in reproducing, in the form (2), the only features of (3) commonly
used in verbal discussions of this problem:
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P(a,a) =- P(a,- é)rZ - j

]
P(&,b)=0 if &% =0} ®)

1
For example, let | now be until vector | , with uniform probability distribution over all directions, and
take

AGI) =sign(EA ) §
. rr 9
B(a,b) = - sign(b ! )}
This gives
rr 2
P(a,b)=-1+ Eq , (10)

where g is the angle between a and b, and (10) has the properties (8). For comparison, consider the
result of a modified theory [6] in which the pure singlet state is replaced in the course of time by an
isotropic mixture of product sates; this gives the correlation function
1r f
- ZaX (12)

It is probably less easy, experimentally, to distinguish (10) from (3), than (11) from (3).
Unlike (3), the function (10) is not stationary at the minimum value—1 (at q = 0).

It will be seem that this is characteristic of functions of type (2).
Thirdly, and finally, there is no difficulty in reprodu0| ng the quantum mechanical correlatlon (©)]

if the result A and B in (2) are alowed to depend on b and & respectively as well on a and b For
example, replace a in (9) by a( obtained from a by rotation towards b until
1- —q ¢=cosq ,
. P
where q ¢ isthe angle between a¢ and b . However, for given values of the hidden variables, the results

of measurements with one magnet now depend on the setting of the distant magnet, which is just what
we would wish to avoid.

V. Contradiction
The main result will now be proved. Because p is a normalized probability distribution,

cdip(l ) =1, (12)
and because of the properties (1), Pin (2) cannot belessthan -1. It canreach—1 at a b only if
A(al )—-B(b | ) (13)
except at aset of points | of zero probability. Assuming thIS (2) can be rewritten
P@,b) =- ¢dl p(l AR )A®B,! ). (14)
198 JS.BELL Vol. 1, No. 3

It follows that (': is another unit vector
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P(@,b)- P(8,¢)=- ¢y p(l )[AG I )AD,1 )- A@I)AC,)]
r r
= ¢l p(l )A@,1 )AD, 1 IAD.1 AL )- 1]

using (1), whence | |
r rr r
P@a.b)- P(@,C) £ 5l p - AG.1)AC))
_— ' r
The second term on the right is P(D, C) , whence
1 1

1+P(b,&)3 \P(é b)- P, cr:)‘ (15)

Unless P is constant, the right hand sideisin general of order |b C | for small |b C |. Thus P(a b)

cannot be stationary at the minimum value (-1 at b C) and cannot equal the quantum mechanical
value (3).

Nor can the quantum mechanical correlation (3) be arbitrarily closely approximated by the form
(2). The formal proof of this may be set out as follows. We would not worry about failure of the
approximation at isolated points, so let us consider instead of (2) and (3) the functions

—rou —r—l—
P(a,b) and - a>0
where the bar denotes independent averaglng of P(a¢b(9 and - aﬂ><b¢ over vectors @¢ and D¢

within specified small angles of a and b Suppose that for all a and b the difference is bounded by
e.

_r r !
Pab)+ax£e (16)
Then it will be shown that e cannot be made arbitrarily small.
Supposethat for all aand b

‘5745 i ?EMS‘ £d (17)

Then from (16)

‘5(5,6)+£>¢;‘£e+d (18)
From (2) . .

P(a,b)=¢d p(l )A@,I B! ) (19)
where

|A(a| )|£1 and ‘B(b | )\51 (20)
from (18) and (19), with a b

dl p( )[AG 1 )B(b,1 )+ £e +d 21)

From (19)

P(&,b)- P(&,C) = g3l p( )[A@ )B(,1)- A@1)B(C.1 )]
= ¢yl n(l )AQ,| )§(t§,| )1+ K(tg,l )BE,1 )]
= ¢d p( )AGD)BE 1 L+ Ab,1)BE )]
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Using (20) then | |
P(ab)- P@C) £ ¢l p( i+ AG.DHBED)

=l (I )[1+ ﬂ(l;,l )E(t;,l )]
Then using (19) and (21) | |
‘5(51b) - 5(5, (‘E)‘ £1+ 5(b,£) +e+d

Finally, using (18)
\5{: 5% b)- 2(e +d) £1- bt - 2(e +d)

or
I
4(e+d) ‘a>c a><b‘ -1 22)

r r
Take for example a L =0, axo=bx =]/\/§ . Then
Ae+d)3 yJ2-1
Therefore, for small finite d, € cannot be arbitrarily small.

Thus, the quantum mechanical expectation value cannot be represented, either accurately or
arbitrarily closely, in the form (2).

V. Generalization
The example considered above has the advantage that it requires little imagination to envisage
the measurements involved actually being made. In a more formal way, assuming [7] that any Hermitian
operator with a complete set of eigenstates is an «observable», the result is easily extended to other
systems. If the two systems have state spaces of dimensionality greater then 2 we can always consider

two dimensional subspaces and define, in their direct product, operators Sl 1 and Sl , formally analogous

to those used above and which are zero for states outside the product subspace. Then for at least one
guantum mechanical state, the «singlet» state in the combined subspaces, the statistical predictions of
guantum mechanics are incompatible with separable predetermination.

V1. Conclusion

In a theory in which parameters are added to quantum mechanics to determine the results of
individual measurements, without changing the statistical predictions, there must be a mechanism
whereby the setting of one measuring device can influence the reading of another instrument, however
remote. Moreover, the signal involved must propagate instantaneously, so that such a theory could not
be Lorentz invariant.

Of course, the situation is different if the quantum mechanical predictions are of limited validity.
Conceivably they might apply only to experiments in which the settings of the instruments are made
sufficiently in advance to allow them to reach some mutual rapport by exchange of signals with velocity
less than or equal to that of light. In that connection, experiments of the type proposed by Bohm and
Aharonov [6], in which the settings are changed during the flight of the particles, are crucial.

| am indebted to Drs. M. Bander and J.K.Preeing for very useful discussions of this problem. The
first draft of the paper was written during a stay at Brandeis Univesity; | am indebted to colleagues there
and at the University of Wisconsin for their interest and hospitality.
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